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RIEMANNIAN PRODUCTS WHICH ARE CONFORMALLY
EQUIVALENT TO EINSTEIN METRICS
RICHARD CLEYTON
Abstrat. Neessary and suient onditions for a Riemannian produt to
be onformally equivalent to an Einstein manifold are given. Suh spaes whih
are omplete are haraterized.
1. Introdution
The study of Riemannian metris that are onformally related to Einstein metris
go bak to Brinkmann [2℄ and before and has reently reeived attention by Gover
& Nurowski [7℄ and Listing [10℄. It is subtly related to the subjet of twistor spinors,
see e.g. [6℄ and to the famous Yamabe problem of whether the onformal lass of
a metri has representative with onstant salar urvature. Reently, Moroianu
and Ornea onsidered the following. Take the produt metri g = g′ + dt2 on
M = M ′ × R with M ′ ompat but not the round sphere. Then g is onformally
equivalent to an Einstein metri g¯ = φ−2g if and only if the onformal fator φ is
essentially cosh(t). Here essentially means that we identify homotheti metris
on M and M ′ and ignore translations of the parameter t. In partiular φ does not
depend on the oordinate in M ′. This result was generalized by J. M. Ruiz even
more reently to the ase ofM =M ′×Rq equipped with the produt metri whih
is the standard metri on the seond fator. He shows amongst other things that
for q > 1 no onformal fator will hange suh a metri to a salar positive Einstein
metri [12℄. These results may be generalized even further. The reader may also
wish to onsult [14℄ and [15℄ for some related results.
Theorem 1. Suppose (Mn, g) is a Riemannian produt. Suppose φ is a positive
funtion on M suh that g¯ := φ−2g is Einstein with Einstein onstant λ¯. In this
ase then either
(I) g¯ = gB + f
2gF is a warped produt metri on M = B
q × F p and g =
f−2gB+gF where f : B → R is a positive funtion suh that ri(gF ) = λF gF ,
∆gBf − (p− 1) |df |
2 + λF = λ¯f
2
, f2ri(gB) = pf∇
gBdf + λ¯gB.
(II) Mn =Mn11 ×M
n2
2 and g = g1+g2, where both g1 and g2 are Einstein metris
with Einstein onstants λ1 and λ2. Furthermore, there are non-onstant
funtions φ1 on M1 and φ2 on M2 suh that
(a) φ(x, y) = φ1(x) + φ2(y) for all (x, y) in M
(b) onstants a¯ and b¯ exists to the eet that ∇g1dφ1 = −(a¯φ1 + b¯)g1,
∇g2dφ2 = (a¯φ1 − b¯)g2, λ1 = (n1 − 1)a¯ and λ2 = −(n2 − 1)a¯.
Conversely, if (M, g) and φ fulll the onditions of either (I) or (II) then φ−2g
is Einstein. When the onditions of (II) holds, c¯1 := |dφ1|
2
+ a¯φ21 + 2b¯φ1 and
c¯2 := |dφ2|
2
− a¯φ22 + 2b¯φ2 are onstants suh that c1 + c2 = ρ¯, the renormalized
salar urvature of g¯.
The onditions of (I) are preisely those giving an Einstein warped produt
metri, see [1℄. On the other hand the onditions of (II) fore both g1 and g2 to
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be warped produts of a very restrited form, at least loally. An argument in the
proof of Lemma 5.2 of [11℄ shows that g is also, loally, a warped produt. Note
that, if B is ompat the metris g¯ of I have non-negative salar urvature. The
metris under II ome with both positive as well as negative salar urvature.
In the situation of a omplete metri g we an be more onrete.
Theorem 2. Suppose (M, g) is a Riemannian produt and g is omplete. If g
is onformally equivalent to an Einstein metri g¯ whih is not a warped produt,
then M is Rn = Rn1 × Rn2 with the standard metri g = g1 + g2. Using polar
oordinates suh that g1 = ds
2 + s2gSn1−1 and g2 = dt
2 + t2gSn2−1 the onformal
fator is φ(s, t) = 1
2
(s2 + t2 +R2) for some positive onstant R.
Note: Setting r cos θ = s, r sin θ = t the metri g beomes g = dr2 + r2g∗ where
g∗ := dθ2+cos2 θgSn1−1 +sin
2 θgSn2−1 . We note that, where dened, g
∗
agrees with
the standard metri of Sn−1. In this way we reognize g as the standard metri
on R
n
. Under the transformation (s, t) 7→ (r, θ) the onformal fator beomes
1
2
(r2 +R2). Suitably restrited, the original metri g is a warped produt metris
on the half-line times the (n − 1)-sphere. Under the map u = 2 tan−1(r/R)/R,
the onformally hanged metri g¯ goes to g¯ = du2 + sin2(u)gSn−1 , the standard
metri of the n-sphere. In partiular, g¯ has positive salar urvature. However, g¯
is not omplete as the onformal transformation u(r) isn't onto. More generally,
part II provide instanes of onformal hanges whih hange the sign of the salar
urvature (see the examples of [9℄). When, under I, B is ompat it is known that
the onformally hanged metri is either salar positive or f is onstant, see [8℄.
Some omments and onsequenes. Dierent variations along the lines of
warped produts have been made in literature. One suh is the doubly warped
produt metri g¯ = b2gB + f
2gF with b : F → R
+
, f : B → R+. We note that
g := (fb)−2g¯ is a Riemannian produt. Thus g is mixed Rii-at if and only if
funtions φ1, φ2 exist suh that φ1(x) + φ2(y) = 1/f(x)b(y) whene X(f)Y (b) = 0
for all vetor eld X on B, Y on F . In partiular a doubly warped produt is
Einstein only if it is a warped produt. A twisted produt is a metri g¯ = gB+f
2gF
where f is a positive funtion dened on B × F . When the dimension of F is
greater than 1 suh metris are also known to be mixed Rii-at only in the ase
of f being a produt: f(x, y) = f1(x)f2(y) [5℄. In partiular g¯ is onformal to
the Riemannian produt f−21 gB + f
2
2 gF and whene twisted produts are Einstein
only if they are warped. Doubly twisted metris are b2gB + f
2gF with b, g being
positive funtions on the produt B × F . Doubly twisted metris inlude metris
onformally equivalent to Riemannian produts as a speial ase. As a orollary of
our disussion above we have
Corollary 1.1. There exists Einstein metris whih are doubly twisted but not
warped.
Comparing the laims we make in Theorems 1 and 2 with the investigations of
Moroianu and Ornea another issue arises. Is it possible, in general, to harater-
ize the geometry of (Mp1 , g1) and (M
n−p
2 , g2) suh that the produt M
n
is either
onformally equivalent to a (strit) nearly Kähler metri in dimension 6 or a 7 di-
mensional weak holonomy G2 manifold? These two types of geometries are Einstein
with positive salar urvature and, both before and after onformal hange, have
a nie haraterization in terms of Fernandéz-Gray-Hervella lasses [3℄. They are
also spaes with non-trivial Killing spinors and so are onformal preisely to spaes
admitting twistor spinors. In the ase p = 1 the only possible way to obtain a
Riemannian produt onformal to a nearly Kähler 6-fold is by equipping M2 with
a Sasaki-Einstein metri and taking M1 to be an interval, see [4, 11℄.
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2. Preliminaries
Let (Mn, g) denote a Riemannian manifold of dimension n > 3. Write ∇ for
the Levi-Civita onnetion, R
g
for the Riemannian urvature, ri(g) for the Rii
urvature and s = s(g) for the salar urvature of the metri g. The normalized
salar urvature ρ = s/n(n− 1). In what follows we shall be sloppy and omit pull
baks and inlusions so that on produt manifolds M1 ×M2 a vetor eld X on
M1 is also a vetor eld on the produt (sine it denes one uniquely) and metris
g1 and g2 on the fators dene a unique metri, denoted g1 + g2, on the produt
by adding the pull baks of g1 and g2. With these onventions the Levi-Civita
onnetion of g is related to the Levi-Civita onnetions on the fators by
∇gXiYi = ∇
gi
Xi
Yi, ∇
g
Xi
Yj = 0, if i 6= j.(2.1)
for X1, Y1 ∈ Γ(TM1) and X2, Y2 ∈ Γ(TM2). The Riemannian urvature, the Rii
urvature and salar urvature, respetively, satisfy
R
g = Rg1 + Rg2 , ri(g) = ri(g1) + ri(g2), s(g) = s(g1) + s(g2).(2.2)
2.1. Conformal hange of Curvature. Suppose φ : M → R+ is a smooth fun-
tion. Set g¯ := φ−2g. This muh is ertainly well known:
(2.3) ∇g¯XY = ∇XY − φ
−1(dφ(X)Y + dφ(Y )X) + φ−1g(X,Y )Dgφ,
where Dgφ is the gradient of φ, and
ri(g¯) = ri(g) + (n− 2)φ−1∇g(dφ) − (φ−1∆gφ+ (n− 1)φ
−2 |dφ|
2
)g,(2.4)
s¯ = φ2s− 2(n− 1)φ∆gφ− n(n− 1) |dφ|
2
,(2.5)
where∆gφ denotes the Laplaian of φ, see for instane [1℄, Chapter 1.J. A metri g is
Einstein if there is a onstant λ, alled the Einstein onstant, suh that ri(g) = λg.
An Einstein metri with λ = 0 is Rii-at. A metri is onformally Einstein if a
positive funtion φ on M and a onstant λ¯ exists suh that
(2.6) ri(g) = −(n− 2)φ−1∇g(dφ) + (φ−2λ¯+ φ−1∆gφ+ (n− 1)φ
−2 |dφ|2)g.
It is well-known that the metri of a Riemannian produt is Einstein if and only
if the fators are Einstein for the same Einstein onstant. Applying a homothety to
an Einstein metri gives another Einstein metri. If two Einstein metris are on-
formally equivalent then the onformal fator satises the seond order dierential
equation ∇gdφ = − 1
n
∆gφg.
3. Conformally Einstein Riemannian produts
Before dealing with Einstein metris we shall prove a ouple of related but more
general results. First, by equation (2.2), the Rii urvature of a Riemannian
produt is a setion of S2(T ∗M1) ⊕ S
2(T ∗M2), where S
2
is the seond symmetri
power of the (pulled bak) bundle. In general, a metri g on a produt manifold
is mixed Rii-at [5℄ if it has the property that ri(g) is a setion of S2(T ∗M1)⊕
S2(T ∗M2).
Lemma 3.1. Suppose (M, g) is a Riemannian produt. Let φ : M → R be a positive
funtion. Then g¯ = φ−2g is mixed Rii-at if and only if there exists funtions
φ1 : M1 → R and φ2 : M2 → R suh that φ(x, y) = φ1(x) + φ2(y) for all (x, y) in
M .
Proof. The metri φ−2(g1+ g2) is mixed Rii-at if and only if 0 = ri(g¯)(X,Y ) =
∇X(dφ)(Y ) = X(Y (φ)) for all X ∈ Γ(TM1), Y ∈ Γ(TM2). Clearly if φ(x, y) =
φ1(x) + φ2(y) then this is satised. Conversely, keep x0 in M1 xed and onsider
ψ(x, y) := φ(x, y)−φ(x0 , y). Then Y (ψ)(x, y) = Y (φ)(x, y)−Y (φ)(x0, y) = 0 sine
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Y (φ) is independent of x. Therefore we may set φ1(x) = ψ(x, y) and φ2(y) =
φ(x0, y). 
Remark 3.1. The funtions φi of Lemma 3.1 will be alled the summands of the
onformal fator φ. They are unique only up to the transformation (φ1, φ2) →
(φ1+ c, φ2− c) where c is a onstant. Therefore, if say φ2 is onstant, no generality
is lost by setting φ2 = 0.
Lemma 3.2. Let (M, g) be a Riemannian produt with onstant salar urvature.
Suppose g¯ = φ−2g is mixed Rii-at and also has onstant salar urvature. Let φ1
and φ2 be the summands as in Lemma 3.1 and let ∆i be the Laplaians of the fators
inM . If both φ1 and φ2 are non-onstant, then real numbers a1, b1, c1, a2, b2, c2 exist
suh that 

∆1φ1 = a1φ1 + b1, ∆2φ2 = a2φ2 + b2,
c1 = (a2 − a1)φ
2
1 − 2(b1 + b2)φ1 − n |dφ1|
2
,
c2 = (a1 − a2)φ
2
2 − 2(b1 + b2)φ2 − n |dφ2|
2
,
s = (n− 1)(a1 + a2),
(3.1)
s¯ = (n− 1)(c1 + c2).(3.2)
Conversely, suppose that (M1, g1) and (M2, g2) are Riemannian manifolds with
onstant salar urvatures s1 and s2, and that φ1 : M1 → R, φ2 : M2 → R and
(a1, a2, b1, b2, c1, c2) ∈ R
6
solves (3.1) with s = s1 + s2. Set φ := φ1 + φ2, M =
M1×M2 and dene M
′ =M \ {p : φ(p) = 0}. Then g¯ = φ−2(g1+ g2) is a onstant
salar urvature metri on M ′ with salar urvature s¯ given by (3.2).
Proof. Suppose that φ1 and φ2 both are non-onstant. Take X in Γ(TM1) and Y
in Γ(TM2) and dierentiate (2.5). This gives
(3.3)
s
n− 1
X(φ1)Y (φ2) = X(∆1φ1)Y (φ2) +X(φ1)Y (∆2φ2).
Write Z := Dg1φ1, W := D
g2φ2 and set U1 := {x ∈ M1 : Zx 6= 0}, U2 := {y ∈
M2 : Wy 6= 0}. Then in the open subset U1 × U2 of M we have
s
n− 1
=
Z(∆g1φ1)
Z(φ1)
+
W (∆g2φ2)
W (φ2)
in U1 × U2. Therefore there are onstants a1 and a2 with (n − 1)(a1 + a2) = s
suh that Z(∆g1φ1) = a1Z(φ1) in U1 and W (∆g2φ2) = a2W (φ2) in U2. But
Z(∆g1φ1) = a1Z(φ1) holds trivially in the interior of M1 \U1 and so by ontinuity
it holds throughout M1. Now insert Z instead of X in (3.3). Then we have
(3.4) (a1 + a2)Z(φ1)Y (φ2) = a1Z(φ1)Y (φ2) + Z(φ1)Y (∆g2φ2).
and so Y (∆g2φ2−a2φ2) = 0 for all Y throughoutM2 and hene φ2 satises∆g2φ2 =
a2φ2+ b2 for some onstant b2. By symmetry, the analogous equation holds for φ1.
Inserting this in (2.5) gives
s¯
n− 1
=
(
(a2 − a1)φ
2
1 − 2(b1 + b2)φ1 − n |dφ1|
2
)
+
(
(a1 − a2)φ
2
2 − 2(b1 + b2)φ2 − n |dφ2|
2
)
Sine the left-hand side is onstant and the rst parenthesis on the right-hand
depends only on the positionM1 whilst the seond parenthesis only depends on the
oordinate in M2 the rst statement follows.
Obtaining the onverse is a matter of inserting (3.1) in (2.5). 
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Proof of Theorem 1. By formulas (2.2) and (2.6), a produt metri g = g1+g2 on
M =M1 ×M2 is onformally Einstein if and only if a positive funtion φ : M → R
and a onstant λ¯ = s(g¯)/n exist suh that
(3.5) ri(g1) + ri(g2) = −(n− 2)φ
−1∇g(dφ)
+ (λ¯φ−2 + φ−1∆gφ+ (n− 1)φ
−2 |dφ|
2
)(g1 + g2).
On the other hand, sine g¯ is Einstein it is mixed Rii-at. Therefore we get
Lemma 3.3. If the Riemannian produt (M, g) is onformally Einstein and the
summand φ2 in the onformal fator is non-onstant then g1 is an Einstein metri
and
(3.6) ∇g1dφ1 =
1
n− 2
(
λ¯φ−1 − λ1φ+∆gφ+ (n− 1)φ
−1 |dφ|
2
)
g1.
Proof. Insert φ = φ1 + φ2 in equation (3.5) and projet the result to S
2(T ∗M1) to
get
(3.7) φ2ri(g1) = −(n− 2)φ∇
g1(dφ1) + (λ¯+ φ∆gφ+ (n− 1) |dφ|
2
)g1.
Dierentiating this with respet to some Y ∈ Γ(TM2) gives
(3.8) 2φY (φ2)ri(g1) = −(n− 2)Y (φ2)∇
g1(dφ1)
+
(
Y (φ2)∆gφ+ Y (∆2φ2)φ+ (n− 1)Y (|dφ2|
2
)
g1.
Suppose that φ2 is non-onstant and pik Y and z in M2 suh that Yz(φ2) 6= 0.
Divide equation (3.8) by Y (φ2), dierentiate the result with respet to Y and divide
by Y (φ2) again to get
(3.9) ri(g1) =
Y (F )
2Y (φ2)
g1,
where F = ∆gφ+
(
Y (∆2φ2)φ + (n− 1)Y (|dφ2|
2
)
)
/Y (φ2). Inserting (3.9) in (3.7)
gives (3.6). 
If, say φ2, is onstant set B = M1, F = M2, gB = g2, f = φ
−1
and gB = f
2g1
to see that this is preisely the rst ase of Theorem 1. The onditions listed under
I are both neessary and suient, see [1℄.
So suppose now that both summands of the onformal fator are non-onstant.
By Lemma 3.3, g1 and g2 are both Einstein and so g has onstant salar urvature.
Taking the trae of equation (3.6) and exploiting the symmetry of the setup leads
to
(3.10)
−
∆1φ1
n1
+
λ1φ
n− 2
=
1
n− 2
(
λ¯φ−1 +∆gφ+ (n− 1)φ
−1 |dφ|
2
)
= −
∆2φ2
n2
+
λ2φ
n− 2
.
Use equation (3.1) of Lemma 3.2 in the equality between far left and far right
of (3.10) to get(
λ1
n− 2
−
a1
n1
)
φ1 +
λ1
n− 2
φ2 −
b1
n1
=
(
λ2
n− 2
−
a2
n2
)
φ2 +
λ2
n− 2
φ1 −
b2
n2
.
By the non-onstany of φ1 and φ2 this yields
λ1
n− 2
−
a1
n1
=
λ2
n− 2
,
λ2
n− 2
−
a2
n2
=
λ1
n− 2
, and
b1
n1
=
b2
n2
.(3.11)
The equation (n− 1)(a1+ a2) = s from Lemma 3.2 ombined with (3.11) and some
algebra ends with
(3.12) s1 = (n1 − 1)a1, s2 = (n2 − 1)a2 and n2a1 + n1a2 = 0.
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Setting a¯ := a1/n1 and b¯ := b1/n1 gives part II and the laim about the Einstein
onstants of g1 and g2.
To see the onverse of part II suppose a¯, b¯ to be onstants and M1 and M2
to be Einstein manifolds with non-onstant funtions φ1, φ2 satisfying ∇
g1dφ1 =
−(a¯φ1 + b¯)g1 and ∇
g2dφ2 = (a¯φ1 − b¯)g2. In this situation λ1 = (n1 − 1)a¯ and
λ2 = −(n2 − 1)a¯ sine this true near regular points for φj and sine stationary
points are isolated, see [9℄. We note that then (n − 2)a¯ = λ1 − λ2. On the other
hand our hypothesis leads to
φri(g) + (n− 2)∇dφ+ b¯g =(φ1 + φ2)(λ1g1 + λ2g2) + (n− 2)((−a¯φ1g1 + a¯φ2g2)
= [(λ1 − (n− 2)a¯)φ1 + λ1φ2] g1
+ [λ2φ1 + (λ2 + (n− 2)a¯)φ2] g2,
whih is proportional to g1 + g2 preisely when λ1 − λ2 = (n− 2)a¯.
Finally, the left hand equality in (3.10) is equivalent to
(3.13) 0 = (n− 2)φ∆1φ1 + n1(λ¯− λ1φ
2 + φ∆gφ+ (n− 1) |dφ|
2).
Expand this aording to equation (3.1), (3.11) and (3.12) and isolate the sum-
mands depending only on M1 and those depending only on M2. The sum of those
depending on both is zero. Arguing as in the proof of Lemma 3.2 we obtain on-
stants c¯1 and c¯2 suh that |dφ1|
2
+ a¯φ21 + 2b¯φ1 + c¯1 = 0 = |dφ2|
2
− a¯φ22 + 2b¯φ2 + c¯2
and suh that ρ¯ = c¯1 + c¯2. This ompletes the proof of Theorem 1. 
Proof of Theorem 2. Theorem 2 follows by srutinizing the results and alula-
tions olleted in [9℄. We deal rst with the ase a¯ = 0.
Given M and g as stated, Theorem 1 tells us rst that g is Rii-at and in
partiular Einstein. Consulting the Main Theorem of [9℄, (M, g) is Eulidean spae
and, heking example 1b) of the same referene, φ(z) = 1
2
(|z|2+R2) for a positive
onstant R. We onlude that b¯ = −1. On the other hand, g1 is itself omplete,
Rii-at and admits a solution to ∇g1dφ1 = g1 (and the same for g2). Invoke
Proposition 26 of [9℄ (due to Tashiro [13℄) to onlude thatM1 andM2 are Eulidean
spaes and φ1(x) =
1
2
(|x|
2
+A1), φ2(x) =
1
2
(|x|
2
+A2) suh that R
2 = A1 +A2.
Now suppose a¯ = 1. Theorem 25 of [9℄ and its proof tells us that M1 is the
standard sphere; writing g1 = ds
2 + sin2(s)gSn1−1 then, after some adjustment,
φ1(s) = cos(s) − b¯. No equivalent to the Theorems 25 and 26 is available for
solving ∇g2dφ2 = (φ2 − b¯)g2. However, there are essentially only three possible
solutions distinguishable in the following way: if φ2 has a stationary point then
M2 is hyperboli spae with metri expressed as g2 = dt
2 + sinh2(t)gSn2−1 and
φ2(t) = cosh(t) + b sine g2 is omplete. In this ase φ = cosh(t) + cos(s), whih
has zeros at the points t = 0, s = ±pi/2. For the other two ases M2 is a warped
produt globally g2 = dt
2 + (φ′2)
2g∗2 where g
∗
2 is a omplete Rii-at metri on
some spae M∗2 and φ2 is either Ae
t + b or A cosh(t) + b for some onstant A. In
both ases φ2 is globally dened on M2 but φ = φ1 + φ2 has zeros.

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